Recently we have proposed an effective Hartree-Fock (EHF) theory for the electrons of the muonic molecules that is formally equivalent to the HF theory within the context of the Nuclear-Electronic Orbital theory [Phys. Chem. Chem. Phys. 20, 4466 (2018)]. In the present report we extend the muon-specific effective electronic structure theory beyond the EHF level by introducing the effective second order Møller-Plesset perturbation theory (EMP2) and the effective coupled-cluster theory at single and double excitation levels (ECCSD) as well as an improved version including perturbative triple excitations (ECCSD(T)). These theories incorporate electron-electron correlation into the effective paradigm and through their computational implementation, a diverse set of small muonic species is considered as a benchmark at these post-EHF levels. A comparative computational study on this set demonstrates that the muonic bond length is in general nonnegligibly longer than corresponding hydrogenic analogs. Next, the developed post-EHF theories are applied for the muoniated N-Heterocyclic carbene/silylene/germylene and the muoniated triazolium cation revealing the relative stability of the sticking sites of the muon in each species. The computational results, in line with previously reported experimental data demonstrate that the muon generally prefers to attach to the divalent atom with carbeneic nature. A detailed comparison of these muonic adducts with the corresponding hydrogenic adducts reveals subtle differences that have already been overlooked.
I. Introduction
Implanting the positively charged muon directly or in the form of the muonium atom, i.e. a muon plus an electron, in molecules is currently a well-established approach to probe local traits of atomic environments in chemistry and solid-state physics. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] Practically, detection of the ejecting positrons, arising from decaying spin-polarized muons, forms the basis of the muon spin resonance spectroscopy to deduce the sticking site of the muon or muonium atom. 16, 17 In most cases there are various atoms or bonds in a molecule that may act as potential binding sites making the interpretation of the spectrum nontrivial. [18] [19] [20] [21] [22] [23] Thus, it is vital to have a clear picture of the conceivable attachment sites in order to deduce the local electronic information by the spectrum analysis. Without having any other complementary experimental sources on the molecular structure of the muonic species, the only available means to discern the addition sites is theoretical and computational modeling. Various approaches have been proposed to explore the potential attachment sites of the muon or the muonium atom to molecular species. [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] One possible route is trying to solve time-independent Schrödinger equation for the muonic molecules,
i.e. a molecule plus the muon (μ) or muonium atom (Mu), using the well-established ab initio procedures developed for conventional molecules. 43, 44 Nevertheless, the usual adiabatic framework that decomposes molecule into fast and slow moving particles, i.e.
assuming nuclei as clamped point charges and electrons as quantum particles at first step, is not a safe framework to be used for the muonic species. This stems from the fact that muon's mass is only 207 times of the electron's mass, not large enough to justify the adiabatic view. In order to circumvent this problem, it seems reasonable to include the muon as a quantum particle from the outset, i.e. to solve the time-independent Schrödinger equation including the kinetic energy operator of the muon. This approach is theoretically straightforward since in the last twenty years various ab initio theories have been developed to extend the quantitative molecular orbital method to the multi-component quantum systems treating both electrons and nuclei as quantum particles. [45] [46] [47] [48] [49] In this framework, the muonic species are two-component quantum systems composed of electrons and the muon within the external electric field generated by the clamped nuclei. Recently, using the Nuclear-Electronic Orbital (NEO) non-adiabatic ab initio theory, 46 the Nuclear-Electronic
Orbital Hartree-Fock (NEO-HF) equations have been implemented computationally for the muonic species. [50] [51] [52] [53] The NEO-HF equations extend the molecular orbital method to the muonic species attributing orbitals not only to electrons but also to the muon even though the muonic orbital describes the vibrations of the muon. In the next step the electronelectron (ee) and muon-electron (μe) correlations must be incorporated into the post-NEO-HF equations as implemented originally in the NEO theory. 46, 54 This scheme is, in principle, fully extendable to the muonic species reaching eventually to the full configuration interaction (NEO-FCI) method as the exact solution of Schrodinger's equation within the given basis sets. 46 Instead of applying the NEO-HF theory directly to the muonic species, we have recently proposed an alternative formalism, which is a reformulation of the NEO-HF theory, and is called the effective HF (EHF) theory. 55, 56 Within the context of the EHF theory, the muon disappears from the molecular Hamiltonian with the aid of integration over the muonic coordinates, and a as result, a non-Coulombic potential complements the effective electronic Fock operator. This additional term would be optimized during the self-consistent field solution of the EHF equations, 56 and is directly derivable from the basis set used to expand the muonic orbital manifesting the "back-action" of muon's vibrations on the electronic distribution; after solving the EHF equations, the muonic orbital is completely reproducible from the optimized effective potential. It is timely to stress that we have recently extended the idea of the effective theory to the NEO density functional theory (NEO-DFT) and derived an effective set of electronic-only Kohn-Sham (EKS) equations for the muonic molecules. 57 In this report, the effective theory is extended beyond the mean-field approximation and the ee correlation is accounted for using an effective Hamiltonian for the muonic molecules. This is done within the context of the second order Møller-Plesset (MP2) perturbation theory and the coupled-cluster (CC) theory as well-known examples of nonvariational methods. The proposed idea is quite general thus can be extended to the configuration interaction and the multi-configurational self-consistent field theories as variational methods. The estimation of the μe correlation is a more complex task and in contrast to efforts directed toward proper description of the nucleus-electron correlation, no theoretically sound, yet computationally tractable "universal" solution to this problem has been proposed. By the way, it conceivable that certain ad hoc adjustments of the effective Hamiltonian introduced in the present study, like the modification proposed by
Kerridge and coworkers, 80 may partly incorporate the μe correlation into the effective theory. We leave the discussion on the proper incorporation of the μe correlation into the effective theory for a future study.
The paper is organized as the following. In section II the effective formulation of MP2 and CC theories are discussed. The computational implementation is detailed in Section III. In Section IV at the first part, the effective post-EHF methods are benchmarked on a diverse set of small muonic species whereas at the next step they are applied to a simple but representative set of muoniated N-Heterocyclic carbene/silylene/germylene species as well as the triazolium cation. Finally, our conclusions are offered in Section V.
II. Theory
The two-component Coulombic Hamiltonian in atomic units for a system containing N electrons, a single muon with mass m  , and q clamped nuclei with charges Z  , all distinguished by their position vectors, is the following:
Neglecting the μe correlation from the outset (and the spin variables for electrons just for brevity), the trial wavefunction ansatz for the ground state of the aforementioned system is: 
The three terms of: T , 56 is adopted for the approximation of muon's distribution that leads to the following effective Hamiltonian:
More complicated effective Hamiltonians are derivable if more complex oscillator models are employed for muon's vibrations. 56 In order to proceed further let us assume that e  , for a typical closed-shell system, is a Slater determinant formed from N electronic spin-orbitals constructed from 2 N spatial orbitals,   , 1,..., 2
The conventional functional variation of equation (2): 43 after some mathematical manipulations, yields the following set of the HF differential equations:
These are the EHF equations that were also derived in the previous studies while Ĵ and K are the conventional Coulomb and exchange operators, respetcively. 55, 56 Employing just a single Slater determinant is the simplest approximation for e  in the conventional ab initio electronic structure theory. More complicated approximations, i.e. a linear combination of Slater determinants, may be employed in equation (2) to derive the effective configuration interaction (ECI) or the effective multi-configurational self-consistent field (EMCSCF) theories. 43, 44 However in this study we concentrate on non-variational improvements of the EHF results through employing the CC and the MP2 theories.
Herein, we do not discuss the conventional single-component formulation of the CC and the MP2 theories within the context of the adiabatic electronic structure theory because they are now part of the classics of quantum chemistry. 43, 44, [83] [84] [85] [86] [87] [88] [89] Theoretically, higher order MP perturbative corrections may be invoked to remedy this problem, however, some classic studies demonstrate that the electronic MP perturbation series usually oscillates and even diverge in non-trivial manners. 110, 111 Since the electronelectron interaction term is unaltered in the effective Hamiltonian, and the EHF theory contains the same Coulomb and exchange operators as those of the conventional HF theory, the effective MP2 (EMP2) correction term for a closed-shell system is formally equal to that of the NEO-MP2(ee):
In this equation , a b and , r s stand for the occupied and the virtual EHF orbitals, respectively, while K is the number of virtual orbitals originating from the algebraic solution of the EHF equations. The same reasoning is also applicable to the CC theory as well and the correction terms are formally equal to those of the conventional single-component theory. [84] [85] [86] [87] [88] [89] The only difference, as is also evident from equation (5), is the replacement of the occupied and virtual orbitals of the conventional HF method with those derived from the EHF equations. In the present study both standard CC truncations namely the CCSD, 112, 113 and the CCSD(T), 114 are also employed and termed as the effective CCSD (ECCSD) and the effective CCSD(T) (ECCSD(T)) methods. Let us finally stress that the recent multi-component CC studies of Udagawa and Tachikawa is similar in its spirit to our proposed effective CC formulation though the authors did not explicitly offer their formalism.
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III. Computational implementation
The details of the EHF calculations and computational procedure have been disclosed comprehensively in the previous study and are not reiterated herein. 56 The same electronic closed-shell set of hydrides used in the previous study was also employed for a diverse benchmarking in the present study which includes: LiH, BeH2, BH3, CH4, NH3, H2O, FH, NaH, MgH2, AlH3, SiH4, PH3, H2S, HCl. Similar to the previous study, 56 in each of these species one of the hydrogen nuclei was replaced by a muon as a quantum particle (with the mass of 206.768 in atomic units), where it was represented by a single ghost atom. The rest of nuclei were treated as clamped point charges (instead of H, µ is used to represent this ghost atom, e.g. LiMu and BeHMu). In all calculations the correlation consistent aug-cc-pVTZ electronic basis set (with Cartesian basis functions) was used for electrons at the clamped and the ghost centers; in principle the correlation consistent hierarchy may be specifically re-designed for the muon, however, in the present study augcc-pVTZ basis set of hydrogen atom was employed instead. 117, 118 The effective potential was derived from the uncontracted muonic [2s2p2d] basis set where the exponents were fixed at their recommended values offered in the previous study (See Table 1 in Ref. [56] for the numerical values of all the exponents). Thus, only the linear coefficients in the effective potential were optimized during the SCF cycles of the EHF calculations (for a comprehensive discussion on the details see the supporting information (SI) of Ref. [56) ]).
All molecular geometries, i.e. the positions of the clamped nuclei and the ghost atom, were optimized using a numerical approximation of the post-EHF energy gradients. Because the muon is considered as a light quantum particle with anharmonic vibrations, as discussed in the previous study, 56 the direct distance between the ghost atom and the muon binding center is not a realistic measure of the muonic bond length. Thus, the mean inter-nuclear distance was computed as the expectation value of the position operator with respect to the muon addition center, using the optimized muonic orbital as the wavefunction. For comparison purposes, the set of hydrogen congeners were also optimized within the IV. Results and discussion
A. Benchmark calculations
Let us start by considering the muonic bond lengths computed at the post-EHF levels that are among distinctive features of the muonic species since they are significantly different from those of the analog hydrides. 56 Table 1 offers the muonic bond lengths   whereas Table S1 in the SI provides the same results for hydrides. Even a brief glance at Tables 1 and S1 reveals that in contrast to some hydrides, the mean muonic bond lengths are not sensitive to the ee correlation and the results at the EHF level are marginally altered at the considered post-EHF levels. Accordingly, Figure 1 depicts the differences of the muonic and analog bond lengths in hydrides from Tables 1 and S1 (for numerical values see Table S2 in the SI). The most notable feature observable in this comparative analysis is the non-negligible elongation of the muonic bond lengths versus the analog bond lengths in the hydrides at all computational levels, which is a general characteristics of the muonic species. 56 This difference is larger for species with central atoms from the left-hand side of the Periodic Table ( PT) and diminishes for species with electronegative central atoms from the right-hand side of the PT. In the case of the hydrides containing central atoms from the last three groups of the table, i.e. 5 th to 7 th columns, the role of the ee correlation is not marginal as for (FH,FMu) and (HCl,MuCl) pairs the differences computed at CCSD(T)/ECCSD(T) levels are ~0.02 Å less than those computed at HF/EHF levels.
Evidently, the difference is exaggerated at the mean-field level and this cast some doubt on using a single universal scaling factor to estimate the muonic bond lengths from their hydrogenic analog regardless of the used computational level. Additionally, Table S3 in the SI offers the bond lengths of the vicinal bonds between the clamped hydrogen and the central atoms in the muonic species. They are virtually indistinguishable from the bond lengths computed for the congener hydrides and one may conclude that the substitution of a clamped proton with a muon imperceptibly affects the vicinal bond lengths. In order to check the variations of the ee correlation energy upon subsituating a clamped proton with a muon in a moleuclar species, Table 2 discloses the computed correlation energies for both muonic speices and the hydrides (for total energies see Table S4 in the SI). Also, Figure 2 depcits the variations at each computational level across each row of the PT. Even a fast glance on the table and the figure reveals that not only the general pattern of variations within the rows but also the absolute amounts of the ee correlation energies are quite similar when each pair of the muonic and corresponding hydride species is compared.
Clearly, the effective potential has a marginal role in the values of the ee correlation energy and is not senstive to the substitution of the clamped particle with a light quantum particle. Figure 1-The difference (in Angstroms) between the mean muonic bond lengths (see Table 1 ) and the analog bond lengths in the hydrides (see Table S1 ). 
B. Applications
The results gained from the benchmark set though hard to be rationalized based on a simplified model, points to the fact that accurate computation of the ee correlation at the post-EHF levels is not crucial to determine the muonic bond length. Thus, in this section we apply the previously proposed EKS equations with the B3LYP electronic exchangecorrelation functional to optimize the geometries of the muonic species and then the post- resonance spectroscopy but it is a well-known member of the nitrenium cations. [148] [149] [150] Let us just stress that although the parent species are not known as bulk stable compounds, at least in the case of the parent NHC it is detectable in molecular beams and matrix-isolated low-temperature experiments and also through computational studies. [151] [152] [153] Not only the corresponding muoniated species are interesting in themselves, but also their examination may offer insights into the reaction centers and the details of the radical reactions in the NH divalent species.
154 Figure 3 depicts the optimized structures of the parent molecules at B3LYP/aug-ccpVTZ level with some geometrical parameters included; the Cartesian coordinates are offered in the SI. The computed geometrical parameters are completely in line with the previous report, 153 reproducing the well-known trends among the NH species. [137] [138] [139] [140] [141] At the next step, a hydrogen atom was added to each parent structure in order to model the attachment of the muonium atom to these molecules, as is common in the relevant literature. [129] [130] [131] [132] [133] [134] [135] [136] In principle, the hydrogen atom may be attached to the divalent center or to one of the "unsaturated" carbons with a double bond in between resulting in two distinct adducts. Each adduct is named by the following convention: the attached hydrogen atom to the parent molecule is given first followed by the name of the atom to which it is attached, and finally, the parent molecule name itself is indicated, e.g. H-Si-NHSi means an adduct of hydrogen atom addition to Si center of the NHSi. In the case of the NHC, to prevent ambiguity, the carbeneic carbon is denoted by cC while alkeneic carbon is designated as aC, e.g. H-aC-NHC means an adduct of hydrogen attachment to one of the two alkeneic carbons of the NHC. Subsequently, the same naming conventions are also used for the muonic adducts, where only H is replaced by Mu, e.g. Mu-aC-NHC. Figure 4 represents the optimized structures of the hydrogen adducts derived at RO-B3LYP/aug-cc-pVTZ level while the Cartesian coordinates may be found in the SI. The trends observed in this figure are similar to previous studies and are discussed herein only briefly. 129, 155, 156 When the hydrogen atom is added to the divalent center, this mostly influences the lengths of the adjacent divalent center-nitrogen bonds yielding a considerable elongation. Concomitantly, the angle between the molecular plane, containing nitrogen atoms and the divalent center, and the bond between th divalent center and hydrogen atom increases in the case of the larger divalent atoms. 128 On the other hand, when the hydrogen atom is added to the alkeneic atom, the adjacent C-C and C-N bonds significantly elongate while the corresponding N-C-C bond angle shrinks, which are both in line with a formal change of the carbon's hybridization from sp 2 to sp 3 . At this stage we may compare the results gained from the addition of the muonium atom to the parent species at RO-EB3LYP/aug-cc-pVTZ level with those of the hydrogen adducts. Figure 5 illustrates the optimized structures of the muoniated adducts and some geometrical parameters while the Cartesian coordinates may be found in the SI. The most prominent pattern of alternation is the substantial elongation, 0.07 -0.10 Å, in the mean muonic bond lengths relative to their hydrogenic counterparts, which are in line with the previous studies. 56, 57 Interestingly, none of the remaining geometrical parameters show large variations relative to their hydrogenic congeners, demonstrating that apart from the muonic bond length, hydrogen atom may serve as a good model for the muonium atom addition to the studied species. It is also interesting to check the electronic structure differences among the muoniated adducts that may be used in future studies to interpret the muon spin resonance spectrum (we postpone a quantitative analysis after the introduction of the μe correlation into the effective theory and direct computation of the hyperfine coupling constants). Figure 6 offers the singly occupied molecular orbital (SOMO) of the muoniated species at RO-EB3LYP/aug-ccpVTZ level (the SOMOs of the hydrogen adducts are practically indistinguishable from the muonic counterparts and are not depicted). It is clear from panels of Figure 6 (a-d) that the SOMOs of these species are quite distinct from each other and while in the case of Mu-cC-NHC and Mu-N-TAC the unpaired electron mostly prefers the divalent center and its neighboring nitrogen atoms, for Mu-Ge-NHGe it resides at the alkeneic carbon atoms instead of the divalent center. In panels of Figure 6 (e-h) less dramatic differences are observable and the excessive electron is mostly located at the carbon atom adjacent to the addition site, although Mu-C-TAC shows a distinct and more delocalized pattern of the spin density. In order to study the relative stabilities of the muoniated species Tables 3 and   S5 in the SI list the relative and total energies, respectively. The ground state energies are derived at RO-EB3LYP/aug-cc-pVTZ level. Single-point calculations were performed at RO-EMP2/aug-cc-pVTZ and RO-ECCSD/augcc-pVTZ levels employing the optimized geometries at RO-EB3LYP/aug-cc-pVTZ level, i.
e. RO-EMP2/aug-cc-pVTZ//RO-EB3LYP/aug-cc-pVTZ and RO-ECCSD/aug-ccpVTZ//RO-EB3LYP/aug-cc-pVTZ; for brevity, these levels are termed as EB3LYP, EMP2
and ECCSD in Table 3 . In order to perform a contrastive study, the hydrogen adduct energetic data are also provided in the same tables at comparable levels of theory, i.e. RO-B3LYP/aug-cc-pVTZ, RO-MP2/aug-cc-pVTZ//RO-B3LYP/aug-cc-pVTZ, CCSD/aug-ccpVTZ//RO-B3LYP/aug-cc-pVTZ; for brevity, these levels are indicated as B3LYP, MP2, CCSD in Table 3 , respectively. Evidently, irrespective to the used computational level, in all cases the addition of hydrogen or the muonium atom to the divalent center is more energetically favored than the addition to alkeneic center, which is completely in line with previously derived computational and experimental results. * In each group of the same parent species, the most stable system is used as the reference (zero) point of the energy and the less stable system is given as the entry.
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However, apart from the NHC adducts where the relative energies of the hydrogen and the muoniated adducts are similar, in the case of the three remaining parents the muonium atom more strongly favors the divalent center. This disparity between the hydrogen and the muoniated adducts at first glance seems to be odd since the geometrical differences, depicted in Figures 4 and 5 , are mainly confined to the lengths of the muonic and hydrogenic bonds to the addition centers (RMu-X-RH-X = 0.85 ± 0.15 Å). However, this distinction does not seem to depend on the geometrical differences, and instead, has to be traced in subtle distortions of the electronic density upon substitution of the proton with the muon. Table 4 presents the atomic charges of the added hydrogen and the muonium atoms, as one of the simplest local measures of the electronic distribution, using the quantum theory of atoms in molecules (QTAIM) methodlogy, 157 and its multi-component version (MC-QTAIM), 158 computed from the one-particle densities derived at RO-B3LYP/aug-ccpVTZ and RO-EB3LYP/aug-cc-pVTZ levels, respectively. It is noteworthy that the MC-QTAIM analysis reveals the regional traits of the electronic and the muonic real-space distributions in the muonic species, in addition to their AIM structure. Table 4 -The atomic charges, q, of the added hydrogen and the muonium atoms for all the hydrogenated and the muoniated adducts. The difference of the atomic charges, ∆q, between the hydrogen atoms (and the muonium atoms) of each pair of adducts is also given.
The MC-QTAIM analysis has been previously applied to various muonic molecules, and unraveled the distinct features of the bonded muonium atoms. [50] [51] [52] [53] The most important feature observable from the data in Table 4 , in line with the previous studies, [50] [51] [52] [53] is the lower intrinsic ability of the muonium atoms to retain electrons in their own atomic basins relative to their counterpart hydrogen atoms. The more interesting pattern, however, emerges if one compares the differences in atomic charges between each pair of adducts.
In the case of the NHC adducts, the difference of atomic charges of the added hydrogen atoms in H-cC-NHC and H-aC-NHC pair, ~0.01e, is quite similar to that of the muonium atoms in Mu-cC-NHC and Mu-aC-NHC pair, ~0.04e. This observation reveals the fact that immediate neighbors. However, this is not the case for remaining adducts and the differences in atomic charges are large and distinct if one compares the hydrogen and the muoniated adducts for each group of the parent species. This trend correlates well with the stability trends observed in Table 3 revealing a delicate difference between hydrogen and the muonium atoms when bonded in a chemical environment. Thus, modelling muonium addition by using a clamped hydrogen atom may not always reproduce the correct trends in relative stabilities and does not seem to be a generally safe approach. Evidently, in contrast to their similarities, hydrogen and muonium atoms have to be conceived as "chemically" distinct species with delicate, but, distinguishable characteristics.
V. Conclusion
The present study is part of our ongoing programme to devise a muonic-specific ab initio electronic theory that tackles the computational study of the muonic molecules, trying to combine theoretical simplicity and computational feasibility. [55] [56] [57] While it is customary to use the conventional adiabatic electronic structure theory to model the muonic molecules, 21, [129] [130] [131] [132] [133] [134] [135] [136] [159] [160] [161] assuming that a hydrogen atom with a clamped nucleus may be used to model the muonium atom, our studies do not confirm that this viewpoint is always a legitimate computational strategy. On the contrary, the present study demonstrates that both muonic bond lengths and the relative stabilities of the muonic adducts are nonnegligibly underestimated within context of the adiabatic strategy. While, in principle, it is possible to employ certain ad hoc corrections to remedy the shortcomings of the adiabatic strategy in a specific group of the muonic molecules, it seems hard to contemplate how it is possible to devise a universal and theoretically well-founded adiabatic strategy to model the muonic systems. On the other hand, our own results also suffer from the lack of proper treatment of the μe correlation and this need to be taken into account if one pursues the "holy grail" of computational muonic chemistry, namely, quantitative prediction of the hyperfine coupling constants and the muon spin resonance spectrum. Thus, before further computational developments it is desirable to include, even at a crude level, the μe correlation into the effective theory. This line of research is currently under study in our lab and the corresponding results will be reported in future. Table S2 -The difference (in Angstroms) between the muonic bond lenghts (in Table 1 ) and the analog bond lengths in hydrides (in Table S1 ). Table 2 of the main text is not the difference between the EHF/HF and post-EHF/HF total energies reported in this table, which are computed at different optimized geometries. The correlation energies in Table 2 are the difference between post-EHF/HF and the EHF/HF energies at the corresponding post-EHF/HF optimized geometries. 
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